We study the late-time asymptotic state of a stationary Unruh-DeWitt detector interacting with a field in a thermal state. We work in an open system framework, where the field plays the role of an environment for the detector. The long-time interaction between the detector and the field is modelled with the aid of a one-parameter family of switching functions that turn on and off the interaction Hamiltonian between the two subsystems, such that the long-time interaction limit is reached as the family parameter goes to infinity. In such limit, we show that if the field is in a Kubo-Martin-Schwinger (KMS) state and the detector is stationary with respect to the notion of positive frequency of the field, in the Born-Markov approximation, the asymptotic state of the detector is a Gibbs state at the KMS temperature. We then relax the KMS condition for the field state, and require only that a frequencydependent version of the detailed balance condition for the Wightman function pulled back to the detector worldline hold, in the sense that the inverse temperature appearing in the detailed balance relation need not be constant. In this setting, we show that the late-time asymptotic state of the detector has the form of a thermal density matrix, but with a frequency-dependent temperature. We present examples of these results, which include the classical Unruh effect and idealised Hawking radiation (for fields in the HHI state), and also the study of the late-time behaviour of detectors following stationary "cusped" and circular motions in Minkowski space interacting with a massless Klein-Gordon field in the Minkowski vacuum. In the cusped motion case, a frequency-dependent, effective temperature for the asymptotic late-time detector state is obtained analytically. In the circular motion case, such effective temperature is obtained numerically.
I. INTRODUCTION
An Unruh-DeWitt detector [1, 2] (see also [3] ) is a microscopic system coupled with a quantum field through an interaction Hamiltonian, which seeks to operationally probe the physical properties of the field. Information about the field is incorporated in the final state of the detector and can be extracted by performing a suitable measurement. A notable application of Unruh-DeWitt detectors is to probe the thermal properties of quantum fields in the case of fields propagating in curved spacetime backgrounds or detectors following non-inertial trajectories in Minkowski spacetimes. An example of the former case is (i) the Hawking effect [4] , according to which a black hole radiates to infinity its mass in the form of thermal radiation, which in the case of the Schwarzschild spacetime is at a temperature T = κ/(2π), where κ is the surface gravity of the black hole. The latter case is (ii) the Unruh effect [1], according to which an observer moving with uniform proper acceleration a, experiences the Minkowski vacuum as a heat bath at the Unruh temperature T U = a/(2π).
The aim of this work is to study the emergence of thermality in Unruh-DeWitt detectors that follow stationary trajectories. To this end, we consider a two-level system detector that is linearly coupled to a Klein-Gordon field in a Kubo-Martin-Schwinger (KMS) state [5] [6] [7] . We use a real smooth compactly supported function to specify how the interaction between the detector and the field is switched on and off. In this framework, we treat the detector as an open quantum system, with the field playing the role of the environment, and present a systematic way to calculate the asymptotic state of the detector after a long interaction with the field, employing the mathematical properties of the one-parameter family of adiabatically-scaled switching functions, where the parameter controls the interaction time between the detector and the field. Employing the Born-Markov approximation, we find that if the detailed balanced condition is satisfied for the pullback of the Wightman function of the field along the worldline of the detector, then the detector always thermalises to an equilibrium Gibbs state at the KMS temperature.
The open system formalism that we adopt (see, e.g., [8] ) also allows us to conclude that the KMS condition is not the most general condition on a field state whereby a detector relaxes to a stationary state. To wit, if a frequency-dependent version of the detailed balance condition holds for the Wightman function along the detector's worldline, in which the temperature is a function of the detector's frequency, the detector will relax to a state to which a frequency-dependent effective temperature can be associated. As we shall see, this result opens, for example, the possibility of associating effective temperatures to stationary trajectories in Minkowski spacetime other than the linearly uniformly accelerated one, such as the ones reported in [9] .
We give a few examples of applications of our result. In particular, we consider the Unruh effect for uniformly accelerated detectors and the Hawking effect for detectors interacting with a field in the Hartle-Hawking-Israel vacuum. Furthermore, we consider the cases of cusped and circular trajectories followed by the detector, where we find that the detector thermalises at a frequency-dependent effective temperature. In the cusped motion case, such effective temperature can be computed analytically, while in the circular case we resort to numerical computations.
The structure of the article is the following. In Sec. II, we introduce the Unruh-DeWitt detector model and give a brief review of the basic properties of the KMS states, and its relation to the detailed balance condition [10] . In Sec. III, we derive, in the Born-Markov approximation, the time evolution equations for the reduced density matrix of an UnruhDeWitt detector interacting with a field in a thermal state. In Sec. IV, we study the thermalisation of the detector in the long-time interaction limit at a constant or frequencydependent temperature. In Sec. V, we apply the results obtained in the previous sections to different stationary trajectories of the detector that lead to its thermalisation at a constant or frequency-dependent temperature. Finally, in Sec. VI, we summarise and discuss our results, and give some perspectives.
A. Notation and preliminaries
We use the following conventions: A spacetime M := (M, g) consists of a real fourdimensional, (connected, Hausdoff, paracompact) smooth manifold, M , equipped with a Lorentzian metric g. Spacetime points are denoted by Roman characters (x). We restrict our spacetimes to be globally hyperbolic and deal throughout only with static spacetimes. We fix c = = k = 1. Complex conjugation is denoted by an overline. The adjoint of a Hilbert-space operator,ô, is denoted byô * . We use the initials H.c. to denote Hermitian conjugate. O(x) denotes a quantity for which O(x)/x is bounded as x → 0. We use the standard notation C ∞ 0 (M ) for the space smooth functions of compact support on M with distributional dual D (M ). S (R) denotes the space of Schwartz functions on R and S (R) is the space of tempered distributions. The convolution between two functions f, g :
−iωt f (t) and for the inverse Fourier transform as g(t) = (2π)
we used wide carets to denote the Fourier transform, f = F[f ].
II. THE UNRUH-DEWITT DETECTOR MODEL
A. The coupling between the detector and the field We consider static spacetimes, i.e., spacetimes of the form (R × Σ, g) where the spacetime has an isometry generated by an irrotational timelike Killing vector field. In other words, the metric tensor admits the form g(t, x) = β(x)dt 2 + h(x), where h is a Riemannian metric on Σ and x are coordinates on Σ, and with ∂ t being the relevant Killing vector field.
In such static spacetimes, we model an Unruh-DeWitt detector by a pointlike two-level quantum system with frequency gap ω > 0, moving through spacetime and interacting with a quantum field.
More precisely, the detector is a two-level system with spacetime trajectory x(τ ), with τ the proper time of the detector, described by a monopole moment operator expressed in terms of the ladder operatorsσ ± of the Pauli algebra aŝ
which acts on the detector Hilbert space, H D C 2 , spanned by the orthonormal basis {|0 , |1 }. The Hamiltonian of the detector with respect to τ ,Ĥ D = ωσ 3 /2, has the elements of the orthonormal basis as frequency (energy) eigenstatesĤ
We shall consider throughout that the Unruh-DeWitt detector interacts with a real KleinGordon field, i.e., an operator-valued distribution f →Φ(f ), for f ∈ C ∞ 0 (M ) (or a suitable test-function space), acting densely on a Hilbert space,Φ(f ) : D ⊂ H → H , such that (i) the map f →Φ(f ) is linear, (ii) the field is self-adjointΦ(f ) * =Φ(f ), (iii) the Klein-Gordon equation is obeyedΦ (( − m 2 − ξR)f ) = 0, which is equivalent to ( x − m 2 − ξR(x))Φ(x) by integration by parts and the arbitrariness of the test function f and (iv) the commutation relations are fulfilled, i.e., for
, where E is the advanced-minus-retarded Green operator of − m 2 − ξR. The Hamiltonian of the theory can be unambiguously defined with respect to the timelike Killing vector of spacetime.
In static spacetimes, the unsmeared quantum field can be written explicitly, as follows. The field equation can be written explicitly as −∂ 2 tΦ = g 00 (∆ x − m 2 − ξR)Φ =: KΦ, which for harmonically time-dependent solutions becomes the eigenvalue problem on Σ,
Assuming that K defines a positive, self-adjoint operator, we have that the quantum field can be written as an eigenfunction expansion of the form
A natural one-particle structure, (H, K), consists of the one-particle Hilbert space, H, consisting of complex, positive-frequency (with respect to the time t) solutions equipped with the L 2 (Σ, dµ = g −1/2 00 dvol h ) inner product and the map K taking classical solutions of the Klein-Gordon equation, ϕ, to Kϕ ∈ H, with dense range in H. A natural zerotemperature vacuum is that for whichâ(Kϕ)Ω ∞ = 0 and for whichâ * (Kϕ) defines a creation operator. The bosonic Fock space of the theory based on the vacuum is given by H = F(H), constructed in the usual way. In the sequel, however, we will be concerned with states at finite temperature T = 1/β, which we denote by Ω β , satisfying the KMS condition, and which are cyclic in the Fock space H β . As we shall see below, the two-point function in such KMS states can also be represented in terms of the modes defined by Eq. (2.2).
The Hamiltonian of the total system is given byĤ =Ĥ D ⊗ 1 1 + 1 1 ⊗ĤΦ +Ĥ int , whereĤΦ is the Hamiltonian of the Klein-Gordon field andĤ int is the interaction Hamiltonian. We take the interaction Hamiltonian to bê
where c is small a coupling constant and χ ∈ C ∞ 0 (R) is a real smooth compactly supported function, which specifies how the interaction is switched on and off between the detector's monopole moment operator,μ, and the pullback of the field to the detector's worldline, Φ (x(τ )).
Throughout this work, we will be chiefly concerned with the cases in which the detector's worldline, x(τ ) coincides with the orbit generated by a timelike Killing field, i.e., when the detector follows a stationary trajectory. In these cases, when the two-point function of the field is pulled back to the detector trajectory, it will only depend on the points along the worldline as the difference τ − τ , as shown by Letaw [9] .
B. KMS states
Throughout this work, we are interested in the situations in which the field is initially in a KMS state. Such states are defined by a condition on the two-point function. Because they are quasi-free, like the vacuum state, the two-point function contains sufficient information for defining all n-point functions, and hence define the state via the Gelfand-Naimark-Segal (GNS) construction.
Let us start by explicitly giving an expression for the Wightman function of a thermal state at temperature 1/β in static spacetimes as a mixture of positive and negative frequency modes,
, and we can associate to it the complex-time two-point function W + β (z, x, x ), by replacing the time difference t − t ∈ R in Eq. (2.5) by the variable z ∈ C. W + β (z, x, x ) is analytic in the strip −β < z < 0.
Similarly, a complex-time two-point function analytic in the strip 0 < z < β,
) by the commutation relations, and hence W The above procedure can be used to analytically continue the complex-valued functions
) at z = +β, and again at all values z = nβ, n ∈ Z, where branch cuts are located, with the aid of the relation W
+ , which is more commonly written when no notational confusion may arise as
where the i is interpreted in the distributional sense. 1 Equation (2.6) is known as the KMS condition and it is the relation that defines thermal states through the analytic structure of their (complex-time) two-point function.
In the case of detectors, in order to compute their response, the two-point function is pulled back to the worldline of the detector and the branch cuts separate strips of width β for the pullback of the two-point function, which we denote simply by W
Based on this observation, the definition of the KMS condition along the worldline was given in [10, Def. 4 .1]. We restate the definition in order to make the present section self-contained.
Definition 1 (Worldline KMS condition, 4.1 in [10] ). Suppose there is a positive constant β and a holomorphic function W C in the strip S = {z ∈ C − β < z < 0} such that 1. W is the boundary value of W C on the real axis; 2. W C has a distributional boundary value on the line s = −iβ;
3. The two boundary values of W C are linked by
as → 0 + in the weak limit sense for s ∈ R.
1 In other words, we mean that for fixed x, x and for all f ∈ S (R), the weak limits coincide as
4. For any 0 < a < b < β there is a polynomial P , so that |W C (s)| < P (| s|) for all s ∈ S, with −b < s < −a.
Then we say that W C obeys the KMS condition at temperature 1/β. We have defined the KMS condition in terms of an abstract holomorphic function W C , but in the applications that follow W C (z) will take the concrete form of the complex-time two-point function associated to the worldline-pullback two-point function W + β (τ − τ ). Condition 4 in Def. 1 is a technical requirement, which in ref. [10] is used to show that the detailed balance condition and the KMS condition are equivalent along the worldline. Namely, the following proposition holds:
Proposition 2 (4.3 in [10] ). Let W C ≥ 0 be the Fourier transform of W C and let W C (ω) ≤ P (ω), where P is a Polynomial function. W C satisfies the KMS condition at temperature 1/β iff W C satisfies the detailed balance condition,
We should mention that whenever W + β stems from a two-point function, then it must be a distribution of positive type, i.e., as an element of
. By the Bochner-Schwartz theorem, W C is a tempered distribution and W C is a polynomially bounded positive measure. Thus, demanding that W C be a polynomially bounded non-negative function is a weak assumption.
III. TIME EVOLUTION OF THE DETECTOR IN THE BORN-MARKOV APPROXIMATION
We treat the detector as an open quantum system, with the Klein-Gordon field playing the role of the environment, inducing dissipation and decoherence. The dynamics of the density operator of the total system in the interaction picture,ρ tot :
Given that we have assumed that the coupling between the detector and the field is weak, i.e., that c is small, we are allowed to employ the Born approximation, which assumes that the state of the total system at time τ approximates a tensor product
whereρ is the reduced density matrix of the detector, and we assume that the field is found in a thermal stateρΦ ,β = |Ω β Ω β |. We are interested in the evolution of the detector. Inserting the tensor product in Eq. (3.1) and taking the partial trace over the degrees of freedom of the field, we obtain to leading order in the coupling constant an integrodifferential equation for the reduced density matrix of the detectoṙ
where
is the "positive-frequency", or rather "positive mixture", KMS Wightman function introduced above.
We next employ the Markov approximation, which assumes that the evolution of the state of the detector at some time τ > τ is completely determined by its present state ρ(τ ). The environment (the field) does not retain any information flowed from the system (the detector) due to their interaction, i.e., there are no memory effects, and thus no information is transferred back to the system affecting its subsequent evolution. The Markov approximation is obtained if in Eq. (3.3) we replace the density matrixρ(τ ) byρ(τ ) and extend the upper limit of integration to infinity.
A word on the Markov approximation is due. In [11] the role played by non-Markovian effects in the Unruh effect has been studied. In particular, in Sec. IV C in that work it is pointed that, for a detector interacting constantly with the field, at early times, ωτ = O(1), non-Markovian effects are important. In this sense, the Markovian approximation that we employ is well motivated, since we are concerned with late-time asymptotic states, in the same way that the standard derivation of the Unruh effect (see e.g. [3] ) is justified, where the transition probability of the detector is calculated (within perturbation theory) for long interaction times.
Expressing the density operator in a matrix form we obtain for its elementṡ
Equations (3.4a)-(3.4c) describe the time evolution of the reduced density matrix of the detector in the Born-Markov approximation for a general form of the switching function.
Notice that from a mathematical standpoint the switching function, χ ∈ C ∞ 0 (R) (multiplied by the exponential factors) plays the role of a test function for the distributions W ± β , and in this sense the Eq. (3.4) are unambiguously defined. From a physical standpoint, it is natural to assume that the interaction between the detector and the field is switched on at proper time τ = 0, so that supp(χ) ⊂ R + 0 .
IV. ASYMPTOTIC EQUILIBRIUM STATES AND ADIABATIC SCALING
We are interested in considering the emergence of thermality in the detector's reduced density matrix,ρ, for long interaction times with the field in a KMS state. In this sense, and following [10] , we introduce a one-parameter family of adiabatically scaling switching functions. For λ ≥ 1, we set
where λ is a positive parameter that specifies the duration of the interaction, with the longtime asymptotic regime approached as λ becomes large. The role of the parameter λ is to stretch uniformly the duration of the interaction, including the switching times, during which the interaction between the field and the detector may vary in strength. This also means that the switching on and off are done slowly. We should mention that other choices of scaling for the switching are possible, such as, for example, the so-called plateau scaling in [10] . In this case, the switching scales leaving the tails fixed, i.e., the interaction is switched on, the system interacts constantly for a long time, and then switch off. In [10] , it was shown that for the Unruh effect, the thermalisation of the response function cannot be polynomial in time at large frequency gap if a plateau scaling is chosen. For this reason, the adiabatic scaling that we discuss here is more interesting.
Corresponding with the scaling of the switching functions, we obtain a one-parameter family of density operators, which we denote,ρ (λ) , which in the Born-Markov approximation satisfies the dynamical equationṡ
Since we are interested in equilibrium states as the interaction duration becomes long, we study the limitsρ (∞) = lim λ→∞ρ (λ) in Eq.(4.2). This can be done as follows. Consider the integral
3) which appears in Eq. (4.2), where we have extended the integration limits due to the support properties of χ, where we have assumed that supp(χ) ⊂ R + 0 , and hence that χ vanishes for negative argument. We know that the Fourier transform of χ exists and decays faster than any polynomial due to the Cauchy-Paley-Wiener theorem, hence we can write
where we have performed the change of variables s = τ − τ , and denoted the Fourier transform by a wide caret, χ = F[χ], cf. Sec. I A. We assume that the Fourier transform of the pulled-back "positive" and "negative frequency" Wightman functions, W ± β , exist and satisfy the requirements of Prop. 2 (see also the remarks below Prop. 2) and further write
which yields, using the integral representation of the delta function,
We now seek to compute Λ ± ∞ (ω, τ ) = lim λ→∞ Λ ± λ (ω, τ ) by taking the limit inside the integrals on the right-hand side of Eq. (4.6). To this end, define
The strategy is to apply the dominated convergence theorem. This step first entails finding an integrable, λ-independent bound for F λ (±ω, τ ). Indeed,
where A, B ∈ R are positive and n ∈ Z, by the polynomial bound of W ± β . The integrand is integrable due to the rapid decay of χ and yields a λ-independent and ω -independent function of ω, which we called G. .7) is bounded by a λ-independent integrable function cf. the middle expression of (4.9), so we obtain that the limit can be taken inside the integrals, and
where the L 1 -norm over the reals is defined in the usual way as || χ|| 
Note that Eq. (4.14a) is expected; the off-diagonal elements of the density matrix vanish since interaction with the field environment leads to the decoherence of any initial state of the detector. In order to solve Eq. (4.14b) we use the following lemma: from where we conclude that the density operator elements of the detector state are in a Gibbs equilibrium state at inverse temperature β,
Thus, a detector interacting with a quantum field that is in a thermal KMS state for a long time will eventually reach an equilibrium state at temperature T = 1/β, independently of the details of the switching of the interaction.
C. Frequency-dependent effective temperature
Throughout the discussion of thermal states in Sec. II B we have assumed that the inverse temperature, β, is constant. Our arguments leading to stationarity, however, do not rely at any point on β being constant. It is straightforward, therefore, to allow β to be a function ω → β(ω). While some might be led to argue that the equivalence between the detailed balance condition and the KMS condition is not evident in this case, we wish to stress that an operational meaning can be attached to such frequency-dependent function β(ω) in the sense that a stationary detector does reach equilibrium at late times, regardless of whether β is constant in the frequency spectrum. To such achieved equilibrium, one can associate an effective temperature, such that the following detailed balance conditions hold
Conditions (4.19) are rather mild, for provided that the ratio of W(ω) and W(−ω) be positive, one can define the frequency-dependent temperature by solving for β(ω) in any of the relations appearing in (4.19) . But that the aforementioned ratio is positive is not a stringent requirement by the positivity of the state and the Bochner-Schwarz theorem, as we have discussed in the final paragraph of Sec. II B. That the two relations appearing in (4.19) hold simultaneously follows from applying Lemma 3 pointwise in ω.
Indeed, a constant temperature will be achieved if (but not only if) the stationary trajectory of the detector is along the worldlines generated by the Killing vector field that also defines the positive and negative frequencies of the quantum field theory, but this need not be the case for every stationary trajectory that the detector can follow.
For example, in Minkowski spacetime when the field is in the Minkowski vacuum, i.e., with a notion of positive frequency with respect to timelike translations, in addition to (i) inertial motion (with timelike translations as associated Killing vectors), one has the following stationary trajectories that do not coincide with the notion of positive frequency of the state: (ii) linear uniform acceleration (with boosts as associated Killing vectors), (iii) circular motion (linear combination of translation and rotation) , (iv) cusped motion (translation and null rotation), (v) motion generated by a linear combination of boosts with spatial translation and (vi) motion generated by a linear combination of boosts with rotation [9] (see also [12] ).
Of the six stationary trajectories described above, it is known that detectors following trajectories (i) and (ii) will respond at a constant temperature, resp. (i) zero (in a limiting sense) and (ii) positive (the Unruh effect). In cases (iii) and (iv), there are arguments that a detector will thermalise at a frequency-dependent effective temperature [13, 14] . By our general arguments in Sec. IV B, such effective temperatures can also be associated to detectors along trajectories (v) and (vi), provided that Eq. (4.19) hold.
V. APPLICATIONS
In this section, we give a few examples of detector spacetime trajectories that lead to the thermalisation (at constant or frequency-dependent temperature) of the detector interacting with a scalar field in a fixed background with an interaction Hamiltonian of the form (2.4) with χ replaced by χ λ , and in the long-time limit λ → ∞. From our results in Sec. IV, it suffices that the pullback of the two-point function satisfy the (generalised) detailed balance condition for the detector to reach a thermal equilibrium state as λ → ∞.
A. The Unruh and Hawking effects

The Unruh effect
It is well-known that the Minkowski vacuum restricts to a thermal state on the right (or left) Rindler wedge. Consider a linearly, uniformly accelerated detector with trajectory parametrised by its proper time τ as
where a is the proper acceleration. The detector interacts with a massless scalar KleinGordon field. Then, the pullback of the Minkowski Wightman functions to the detector trajectory (5.1) are given by
Their Fourier transforms of W ± are given by
and satisfy the detailed balance condition at the Unruh temperature, T U = a/(2π). It follows from the results of Sec. IV, and Eq. (4.17) in particular, that as the interaction between the detector and the field becomes long, λ → ∞, we have that 4) which is a Gibbs state at temperature T U = a/(2π). This is the Unruh effect: A uniformly accelerated detector perceives the field vacuum state as a thermal state. As a result, the detector relaxes to an equilibrium Gibbs state at the Unruh temperature, which is an asymptotic solution of the master equation for the reduced density matrix of the detector. See e.g. [10, 11, [15] [16] [17] .
The Hawking effect
Consider now an eternal Schwarzschild black hole, which is an idealised situation for a primordial black hole with zero angular momentum, and a detector following a constant radial trajectory, say r = R > 2M , interacting with a Klein-Gordon field in the HartleHawking-Israel (HHI) state.
It is well known that the HHI state restricts to a thermal state in the exterior region (region I) of the Kruskal maximal analytic extension of Schwarzschild spacetime [18, 19] , where the metric tensor takes the form g = −(1 − 2M/r)dt 2 + (1 − 2M/r) −1 dr + r 2 dΩ 2 , from where it is clear that the exterior region is static with Killing vector field ξ = ∂ t . The radially constant trajectory r = R > 2M is an orbit of the Killing vector field ξ in the exterior region, and is hence a stationary orbit. Without explicitly knowing the precise details of the two-point function, we nevertheless know from these considerations that along the detector's worldline, the following detailed balance condition holds Consider a detector interacting with a massless Klein-Gordon field in the Minkowski vacuum that follows the stationary, cusped trajectory [9] 
The pullback of the Wightman functions to the trajectory are
which can be written as
from where their Fourier transform can be evaluated using standard complex-analytic techniques, yielding
We should stress that some results reported in the literature (e.g. [9, 20, 21] ) for a detector following the cusped trajectory (5.7) would seem to suggest that the detector becomes thermalised at a temperature a/ (12) 1/2 . However, our result (5.10), which is in agreement with [12, Eq. (5.13)], suggests that as λ → ∞, the density matrix for the detector becomeŝ
where the frequency-dependent effective temperature, T eff (ω), is given by 
C. Circular motion
We consider a detector following the circular trajectory [9, 22] x µ (τ ) = (γτ, r cos(γΩτ ), r sin(γΩτ ), 0) , (5.13) in Minkowski spacetime, where Ω is the angular velocity of the detector, r is the radius of the circular orbit, γ = 1/ √ 1 − υ 2 is the Lorentz factor and υ = Ωr is the velocity of the detector.
The pullback of the Minkowski vacuum Wightman functions of a massless scalar field to the circular trajectory are
As before, we seek to associate the effective temperature We should mention that obtaining an analytic expression for this Fourier transform, and hence for the effective frequency dependent temperature in the circular motion case, amounts to summing the residues of the integrand defining the Fourier transform of W ± circ (z), Eq. (5.14), as an integral over the complex z-plane. It can be seen that the denominator on the right-hand side of Eq. (5.14) contains infinitely many roots on the complex plane, and hence the Fourier transform becomes an infinite sum over residues. Through a series of approximations, Unruh has argued that at large values of γ, i.e., in the limit of ultrarelativistic motion υ → 1, and at large values of ω, the detector will read off a temperature that is to leading order that of the cusped motion. See the preprint version of [14] . A similar conclusion has been reached by Bell and Leinaas in [13, Sec. 5] through formal manipulations, where particularly relevant is the discussion around Eq. (57) in that article.
VI. CONCLUSIONS
We have first studied the relaxation to equilibrium of stationary detectors interacting with quantum fields in KMS states as open systems, and have shown that, in the BornMarkov approximation, detectors relax to thermal states at the KMS temperature. This has been done by dealing with a one-parameter family of switching functions that control the interaction between the detector and the field, and considering the long interaction time limit as the support of the switching function becomes stretched as the switching family parameter becomes large.
We have then relaxed the KMS condition for the quantum fields, requiring only that a frequency-dependent version of the detailed balance condition is satisfied along the detec- tor's worldline, and concluded that, while the detectors do reach an equilibrium state in the asymptotic future, they become thermalised at a frequency-dependent, effective temperature. This situation seems to be relevant in describing the final state of stationary detectors that do not follow the orbit of the timelike Killing vector that defines the positiveand negative-frequency notions of the quantum field in a stationary spacetime. We have exemplified this situation by studying analytically the case of a detector following a cusped motion trajectory in Minkowski spacetime, as well as numerically for a rotating detector also in Minkowski spacetime, and in both cases interacting with a massless Klein-Gordon field in the Minkowski vacuum.
As a perspective, it should be interesting to go beyond the Born-Markov approximation, and to see whether a similar argument for the relaxation of the detectors to equilibrium (Gibbs or frequency-dependent thermal) states can be obtained. In the case of the Unruh effect it has been found in [11] that the late-time asymptotic state of the detector is a Gibbs thermal state even if non-Markovian effects are taken into account. This suggests that it is plausible that a similar conclusion can be reached for detectors interacting with fields in arbitrary KMS states.
